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Abstract 

This paper considers the inverse problem of scattering of time-harmonic acoustic and 
electromagnetic plane waves by bounded, inhomogeneous, penetrable obstacles in a homoge- 
neous background medium. A new method is proposed to prove the unique determination of 
the penetrable, inhomogeneous obstacle from the far-field pattern for all incident plane waves 
at a fixed frequency. Our method is based on constructing a well-posed interior transmission 
problem in a small domain associated with the Helmholtz or modified Helmholtz equation 
and the Maxwell or modified Maxwell equations, where a key role is played by the fact that 
the domain is small, which ensures, for the previously unresolved case with the transmission 
coefficient A = 1 or Xh = 1, that the lowest transmission eigenvalue is large so that a given 
wave number k is not an eigenvalue of the interior transmission problem. Another ingredient 
in our proofs is a priori estimates of solutions to the transmission scattering problems with 
boundary data in L p (1 < p < 2), which are established in this paper by using the integral 
equation method. A main feature of the new method is that it can deal with the acoustic 
and electromagnetic cases in a unified way and can be easily applied to deal with inverse 
scattering by unbounded rough interfaces. 

Keywords: Uniqueness, inverse scattering problem, far-field pattern, penetrable obsta- 
cle, transmission problem, interior transmission problem. 



1 Introduction 

Consider the problem of scattering of a time-harmonic acoustic plane wave by an inhomogeneous 
penetrable obstacle surrounded in a homogeneous background medium. Let the bounded pene- 
trable obstacle be denoted by D in M 3 with a smooth boundary dD € C 2 and an inhomogeneous 
refractive index n G L°°{D) such that Re[n(x)] > and Im[n(x)] > 0. Then the scattering 
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problem is modeled by 



in R 3 \L> :=D e , (1.1) 
in D, (1.2) 

on dD, (1.3) 

r = \x\, (1.4) 

where A > is the transmission coefficient depending on the properties of the media in D and 
D e , u := u l + u s denotes the total field in D e = R 3 \ D, u 1 = e tkx ' d is the incident plane wave, 
u s is the scattered wave, and v is the unit normal on dD directed into the exterior of D. Here, 
the wave number k > is given by k = u/c with the frequency ui > and the sound speed c > 
and d G § 2 is the incident direction. 

The condition (jl.4p is referred to the Sommerfeld radiation condition which allows the fol- 
lowing asymptotic behavior of the scattered field u s : 

u s (x;d) = ^^lu™(x]d) + o(^X , \x\ -> oo (1.5) 

uniformly in all directions x = x/\x\ € § 2 , where u°° is defined on the unit sphere S 2 and known 
as the far field pattern of the scattered field u s . 

We also consider the problem of scattering of a time-harmonic electromagnetic plane wave by 
the inhomogeneous penetrable obstacle D surrounded in a homogeneous background medium. 



This problem can be formulated as follows: 

curlS - ikH = 0, curl H + ikE = inM 3 \D, (1.6) 

curlC - ikF = 0, curl F + ikn(x)G = in D, (1.7) 

uxE-uxG = 0, vxH-\ H vxF = on dD, (1.8) 

lim r(H s x x - E s ) = 0, r = Ixl, (1.9) 

r— >-oo 



where E, G are the electric fields, H , i 7 are the magnetic fields, E = E l + E s and H = H l + H s 
in R 3 \ D with the incident plane wave 

EHx) = ^curlcurlpe^, HHx) = —CMr\E i (x). 
k ik 

Here, \h = fXo/fJ-i, k 2 = w 2 eo//o i s the wave number, n = (e\ + icri/o;)/ii/(£oMo) is the refrac- 
tive index in the inhomogeneous penetrable obstacle D with electric permittivity e\, magnetic 
permeability [i\ and electric conductivity o\ > differing from the electric permittivity £0) mag- 
netic permeability fiQ and electric conductivity o"o = of the surrounding medium D e , d is the 
incident direction and p is the polarization vector. In addition, the condition (jl.9p is known as 
the Silver-Muller radiation condition, which leas to the asymptotic behaviors: 

x\^oo (1.10) 
x\ -> oo (1-11) 



- u = 0, 
hm r — — 

r— >cx3 V or 



An + /c 2 n 
At; + k 2 nv 
dv 
dv 



du 
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uniformly for all x = x/\x\ € § 2 , where E°° and H°°{= x x E°°) defined on § 2 are called the far 
field patterns of the electric field E s and the magnetic field H s , respectively. 

The existence of a unique solution to the transmission scattering problems (|l.ip - (|1.4p and 
(jl.6p - (jl.9p can be established by the variational approach or integral equation methods (25j 
[26l [271 ES [29]. In this paper, we will assume that the transmission scattering problems (jl.ip - 
(II. 4p and fll.6f >- fjl.9r> are well-posed and study the inverse scattering problem: given k, A or Xjj, 
determine the obstacle D and the refractive index n from a knowledge of u°° (x; d) or E°° (x; d; p) 
for all x, d G S 2 and p € R 3 . After the penetrable obstacle D is uniquely determined, the 
unique identification of the refractive index n can be established easily by using the ideas from 
[101 \17\ 135] I36j . Thus, in this paper we only consider the inverse problem of determining the 
obstacle D from the far-field data without knowing n in advance. 

The first uniqueness result for penetrable obstacles was established by Isakov |19j in 1990. 
The idea is to construct singular solutions of the scattering problem with respect to two dif- 
ferent penetrable obstacles with identical far-field patterns, based on the variational method. 
In 1993, Kirsch and Kress |23| greatly simplified the method of Isakov by using the integral 
equation technique to establish a priori estimates of the solution on some part of the interface 
dD. In |23| the method was also extended to the case of Neumann boundary conditions (cor- 
responding to impenetrable, sound-hard obstacles). Since then, the idea has been extensively 
studied and applied to establish uniqueness results for many other inverse scattering problems 
with transmission or conductive boundary conditions as well as other boundary conditions (see, 
e.g., [El CHI [201 El ESI E7J EH EH E7J and the references quoted there). 

The idea has also been extended to establish uniqueness results for inverse electromagnetic 
scattering problems by a penetrable, inhomogeneous, isotropic obstacle D in |16] under the con- 
dition that the boundary dD is in C 2,a with < a < 1, the refractive index n € C 1,a (D) 
is a constant near the boundary dD and Im(n(xo)) > for some xq £ D, by a penetrable, 
homogeneous, isotropic obstacle coated with a thin conductive layer in |14| . and by a penetra- 
ble, homogeneous, isotropic obstacle D with buried obstacles in [26] under the condition that 
n is a complex constant with positive imaginary part in D. However, it is difficult to extend 
the method to the case of inhomogeneous, anisotropic media. To overcome this difficulty, in 
|18| Hahner introduced a different technique to prove the unique determination of a penetra- 
ble, inhomogeneous, anisotropic obstacle D from a knowledge of the scattered near-fields for 
all incident plane acoustic waves. The method of Hahner is based on a study of the existence, 
uniqueness and regularity of solutions to the corresponding interior transmission problem in D. 
In [2] Cakoni and Colton extended Hahner's idea to deal with the case with a penetrable, inho- 
mogeneous, anisotropic obstacle possibly partly coated with a thin layer of a highly conductive 
material. It seems difficult to apply the idea in |2] [18] to the case with multi-layered obstacles. 
Recently in [11] . Elschner and Hu considered the inverse transmission scattering problem by 
a two-dimensional, impenetrable obstacle surrounded by an unknown piecewise homogeneous 
medium and proved that the far-field patterns for all incident and observation directions at a 
fixed frequency uniquely determine the unknown surrounding medium as well as the impenetra- 
ble obstacle. Their method is based on constructing the Green function to a two-dimensional 
elliptic equation with piecewise constant leading coefficients associated with the direct scatter- 
ing problem and studying the singularity of the Green function when the point source position 
approaches the interfaces and the impenetrable obstacle. The method in [11] also works for the 
three-dimensional case and the case with periodic structures. However, the method is difficult 
to be extended to the case of Maxwell's equations. 



3 



It should be pointed out that all the above uniqueness results were obtained under the 
assumption that the transmission coefficient A 7^ 1 or Ah 7^ 1 for the isotropic case or the matrix 
characterizing the anisotropic medium is different from the identity matrix /. In this paper, 
we propose a new technique to deal with the case when A = 1 or Ah = 1 and prove that the 
penetrable obstacle D can be uniquely determined from the far-field data for all incident plane 
waves at a fixed frequency for this case. Our method is based on the construction of a well- 
posed interior transmission problem in a small domain inside D associated with the Helmholtz 
or Maxwell equations. Here, a key role is played by the smallness of the domain which ensures, 
for the case A = 1 or Ah = 1, that the lowest transmission eigenvalue is large so that a given 
wave number k is not an eigenvalue of the constructed interior transmission problem. This is 
different from the method used in [21 [18] , where the interior transmission problem considered is 
defined in the whole penetrable obstacle D and may have interior transmission eigenvalues, so the 
case A = 1 or Ah = 1 is excluded. For the case A 7^ 1 or Ah 7^ 1, our method gives a simplified 
proof. Furthermore, our method is also extended to the electromagnetic case in Section [3] and 
to the case of unbounded interfaces in [30] . 

It is well known that the existence and distribution of the eigenvalues of interior transmission 
problems play an important role in the linear sampling method [3j and the factorization method 
|22| . Thus, the existence and computation of the eigenvalues of interior transmission problems 
have been extensively studied recently (see, e.g. [3j HJ El El [34] and the references there). In 
particular, it was proved in [J] that the lowest transmission eigenvalue trends to infinity as the 
radius of the domain in which the interior transmission problem is defined trends to zero. Thus, 
for a given wave number k the domain can be taken to be small enough so that k is not an 
eigenvalue of the interior transmission problem. Our method is motivated by this observation. 

The remaining part of the paper is organized as follows. In Sections [2] and [3] we consider the 
inverse acoustic and electromagnetic scattering problems by penetrable obstacles, respectively. In 
the appendix, we utilize the integral equation method to establish a priori estimates of solutions to 
the acoustic and electromagnetic transmission problems with boundary values in LP (1 < p < 2), 
which are used in our uniqueness proofs of the inverse scattering problems. It is expected that 
these a priori estimates are also useful in other applications. 

2 The inverse acoustic scattering problem 

In this section we introduce the new technique to prove the unique determination of the inhomo- 
geneous penetrable obstacle D from the far-field pattern u°° (x; d) for all x,d € S 2 . Our method 
is based on constructing a well-posed interior transmission problem in a small domain associated 
with the Helmholtz or modified Helmholtz equation. Here, a key role is played by the smallness 
of the domain which ensures that the given wave number k is not a transmission eigenvalue of 
the constructed interior transmission problem for the case A = 1. It should be noted that all the 
previous methods do not work for the case A = 1. For the case A 7^ 1 which has been considered 
previously, our method gives a simplified proof. Furthermore, our method also works for the 
electromagnetic shown in the next section, and for the case of unbounded interfaces, as 

seen in [30] , 
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2.1 Interior transmission problems 

Let (1 C I 3 be a simply connected and bounded domain with 30 G C 2 . If A = 1 we consider 
the following interior transmission problem (ITP): 

AU + k 2 n(x)U = in ft, (2.1) 

AV + k 2 V = in O, (2.2) 
dU dV 

U-V = f 1 , —- — = f 2 on an, (2.3) 

where /i G H l / 2 (dQ) and / 2 € H^ 1 / 2 {dVt). This problem has been studied in @]. 
Let U7 := U — V . Then it is easy to see that w satisfies the fourth-order equation 

(A + k 2 n)—^—{A + k 2 )w = Q (2.4) 
n — 1 

with the boundary conditions jqw = fx and 71 to = /2. Here, 7j (j = 0, 1) denotes the jth-order 
trace operator. 

Define the Hilbert space 

Hi(Q) = {w£ H 1 ^) : Aw G L 2 (Q)} 

with the norm = IIHI/p^) + HAi^H^a^. Using the Green's theorem, we easily prove 

that 7 u> G H l l 2 (d£t), jxw G H~ l l 2 {dVL). In particular, if 7 u> = 71 w = for all w G #a(^)> 
then fl^(fi) = Hl{Vt). 

We assume that the data f x G H 1 / 2 ^®) and / 2 G i? -1 / 2 ^) satisfy the condition (C): there 
exists a wq G H^(Q) such that 70^0 = /i> 7i^o = /2 an d 

IWU^n) ^ c '(ll/illif 1 /2(an) + ll/2llif-V2(an))- ( 2 - 5 ) 

Then the interior transmission problem (ITP) is equivalent to the variational problem: Find 
w G H^(Q) with 70W = /1 and 71 w = / 2 such that 

o(to, /i) := / — (A + k 2 )w(A + k 2 n)hdx = for all h G fln(J2). (2.6) 
Jnn-1 

Let {y := u; — Wo £ -^o(^)- Then the variational problem (|2,6p is equivalent to the problem: 
Find $ G Hq{VL) such that 

o(t5, h) = -a(w , h) for all h G flo(fi). ( 2 - 7 ) 

Based on (|2.7p . the following result can be established (see [3] for a proof). 

Lemma 2.1. ([?J Lemma 2.4]) If n(x) > 1 + r or < n(x) < 1 — r±, then 

a(w» > C||u;|| H 2 (n) , VwGi^(ft) 

for < k 2 < min{Ai(fi), Ai(f))/sup(n)}, where ro,ri > and Ai (SI) is the first Dirichlet 
eigenvalue of the operator —A in O. 

By Lemma [2. II the following result can be easily obtained. 
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Corollary 2.2. For any fixed k > 0, if the diameter of f2 is small enough (so Ai(f2) is large 
enough) so that k 2 < min{Ai(Q), Ai(fi)/sup(n)}, then the interior transmission problem (ITP) 
has a unique solution (U,V) G L 2 (fl) x L 2 (0) with 

W\\i^(n) + ||^||l2(q) < C(ll/illffi/2(an) + [l/zllij— i/2(an)) - ( 2 - 8 ) 

Proof. For any fixed fc > 0, if the diameter of £1 is small enough so that k 2 < 
min{Ai(fi), Ai(fJ)/ sup(n)}, then, by Lemma l2.1l it follows that 

a(w,w) > C\\w\\ H 2^ for all w G Hq(Q) 

This, together with the Lax-Milgram theorem, implies that the variational problem (|2.T() has a 
unique solution w G Hq(£1) satisfying the estimate 

\\w\\ H 2 fo , < C(||/i|| i +II/2II 1 )• (2.9) 

Defined := [l/(n - l)}(A+k 2 )w, V := U-w. Then it is easy to see that (U, V) G L 2 (n)xL 2 (n), 
with U — V G -ffg(ri), is the unique solution to the interior transmission problem (ITP). The 
estimate (|2.8p follows easily from (|2.9p and the fact that w = w + wq. □ 

If A 7^ 1 we consider the following modified interior transmission problem (MITP): 

in fl, (2.10) 
in n, (2.11) 

on dn, (2.12) 

where po,p\ G £ 2 (£1), /1 G iT 1 / 2 (0S7) and /2 G H~ 1 / 2 (dQ). This problem has been studied in 
[3], and the following result was obtained (see [3j Theorem 6.7]). 

Lemma 2.3. ((3] Theorem 6.7]) If A 7= 1 then the problem (MITP) has a unique solution 
(U,V) G fl^fi) x H x (n) such that 

H^IU^n) + II^IIh 1 ^) < C(IIPilli 2 (n) + \\P2\\l 2 (q) + WhWm/^ian) + II h II 1/2 (an)) ■ 

2.2 Uniqueness of the inverse problem 

Based on Corollary 12.21 and Lemma I2.3| we can establish the following global uniqueness result 
for the inverse acoustic scattering problem. 

Theorem 2.4. Given k > 0, let u°°(x; d) and u°°(x; d) be the far-field patterns of the scattering 
solutions to the scattering problem (jl.lj) — (II. 4p with respect to the penetrable obstacles D with the 
refractive index n G L oc (D) and D with the refractive index n G L°°(D), respectively. Assume 
that u°°(x; d) = u°°(x; d) for all x,d £§ 2 . Then D = D. 

Proof. Assume that D 7^ D. Without loss of generality, choose z* G dD \ dD and define 

Zj :=z * + (6/j)u(z*), J = 1,2,... 



AU 
AV 
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Figure 1: Two different scattering obstacles 



with a sufficiently small 5 > such that Zj G B, where B denotes a small ball centered at z* 

such that BnD = ®. See Fig. [Q 

Case 1: A 7^ 1. Let (v,j,Vj) and (uj,Vj) be the unique solution to the transmission scattering 
problem (|l.ip - (|1.4p with respect to D with refractive index n and D with refractive index n, 
respectively, corresponding to the incident point source 

. . . , exu(ik\x — zA) 
u) (x (x,Zj ) = — ^ r 1 ' 3 = 1,2,.... 

The assumption that u°°(x;d) = d) for all cc, d G § 2 , together with Rellich's lemma and 

the denseness result Theorems 5.4 and 5.5], implies that 

u s Ax)=u s Ax) in G, 3 = 1,2,..., (2.13) 



where G denotes the unbounded component of M 3 \(DUfl). 

Since z* £ dD \ dD and dD G C 2 , there is a small smooth (C 2 ) domain Dq such that 

(B n D) C Do C (D \ 5). Define {Jj := Uj, := Uj in D - Then (Uj, Vj) satisfies the modified 
interior transmission problem (MITP) with f2 = Dq and 

PiU) ■= -{k 2 n + l)vj\ Do , p 2 (J) := -{k 2 + l)uj\ Do , 

h(j) i v j ~ Uj)\dD , /2O') := (Xdvj/du - duj/dv)\ dDo . 

From (|2.13p it is clear that fi(j) = /2O) = on T\ := dDoddD. Since z* has a positive distance 
from D, the well-posedness of the scattering problem (|l.ip - (|1.4p implies that 



■u , 



\h 2 (d ) ^ C uniformly for j € N. (2-14) 



This implies that p%(J) G L 2 (Dq) is uniformly bounded for j G N since € L 2 {Dq) is 

uniformly bounded for j € N. From Corollary IA.2I it is known that p\ (j) is uniformly bounded 
in L 2 (D ) for j G N. 
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We now prove that fi(j) and /2O) are uniformly bounded in H l l 2 (dDo) and H 1 < 2 (dDo), 
respectively, for j 6 N. To this end, define Wj := Vj — Uj — <!>(•, Zj) = Vj —Uj. Then vij £ H 2 (D\D) 
for every j € N since Zj 6K 3 \D and is a solution to the problem 

Awj = gj in D\D, Wj\r 1 = 0, 

where gj := k 2 [&(-, Zj) + u | - nvj] € L 2 (Z) \ D). It follows from [131 Theorem 9.13] that 

H\\h H d 0) < ^(IK'U^B) + M L2(D<5) ) * C ( 2 - 15 ) 

uniformly for j 6 N. Since = w^'lg^ and 

/ 2 (j) = Xdwj/dv + (A - lftdu'j/dv + ^)/cH 

it easily follows, by using (12. 14j) . (12. 15ft and the fact that /i(J)|ri = /2O') |ri = 0, that and 
/2C7) are uniformly bounded in i7 1 / 2 (3Z?o) and H~ 1 / 2 (dDo), respectively, for j € N. Thus, by 
Lemma [2.31 we have 

\\^(^ z j)\\m(D ) ~ \\uj\\m(D ) < \\uj\\m(D ) = \\Vj\\m(D ) ^ c - 

However, this is a contradiction since ||2j||/fi(Do) * s uniformly bounded and ||$(-,^')lli/ a (£)o) ~~ ^ 00 
as j — > 00. Hence, D = D. 

Case 2: A = 1. In this case, we use the incident point source of higher-order: 

u](x) := V x $(x,Zj) -a, j = 1,2,..., 

where a £ R 3 is a fixed vector, and let (v,j,Vj) and (uj,Vj) be the unique solution to the 
transmission scattering problem (|l.ip - (jl.4p with respect to D with refractive index n and D 
with refractive index n, respectively, corresponding to the incident wave u l (x) = u l -{x). Similarly 
as in Case 1, by Rellich's lemma and the denseness result Theorems 5.4 and 5.5], it again 
follows, from the assumption u°°(x; d) = u°°(x; d) for all x, d £ § 2 , that 

u s j {x)=u s j {x) in G, j = l,2,.... (2.16) 

Then (Uj,Vj) := (vj,Uj) satisfies the interior transmission problem (ITP) with Q = Dq and 

/i(i) : = ( v j ~ Uj)\dD , /2O') := (dvj/du - duj / du)\ dDo . 

From (l2~T6jl it follows that f x {j) = f 2 (j) = in IY 

In order to utilize Corollary 12.21 to derive a contradiction, we need to verify that /i(j),/2(j) 
satisfy the condition (C). To this end, we choose a cut-off function x £ C^R 3 ) such that 

( s /0, in R 3 \ B, 
X{X) = { 1, in Bl , 

where B\ is a small ball centered at z* satisfying that B\ C B. Define the function 

■= [1 - X(x)](vj - uj). 
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It is easy to see that wq{j) G H^(Dq) for every j G N with w o(j)\g Do = fi(j) an d 

9w (i)/5i/| aDo = f 2 (j). 

We now prove that ||wo(i)||i?i (d ) is uniformly bounded for j G N. Since z* has a positive 
distance from D, we have, by the well-posedness of the scattering problem (ll.ip -( fL4l) . that 

IISjHifiPo) < C (2.17) 

uniformly for j G N. It further follows from Theorem I A. 41 that 

K-tt}|| H i (A)) <C (2.18) 

uniformly for j G N. This, combined with (|2,17p . yields that 

\\wo(j)\\m(D ) ^ W v 3 - UjWm(Do) = \\ v 3 ~ u ) ~ UjWmiDo) < C. (2.19) 

It remains to prove that Awo(j) is uniformly bounded in L 2 (Dq). By a direct computation, it 
is found that 

Aw (j) = A(l - X )(vj - uj) + 2V(1 - X ) • V(vj - uj) + (1 - x)A(^ - ^)- 

In view of (I2.19D the first and second terms are uniformly bounded in L 2 (Dq). Since 
IK'Hl^DoVbT) = H V$ ('' z i) ' "IIl 2 (Do\5T) - C > and b y <I 2 - 17 P and d2HS]), we have 

A(uj — Uj) = k 2 [u S j — n(vj — Uj)] + k 2 (l — n)uj 

is uniformly bounded in L 2 (Dq \ B\) for j G N. This, together with the fact that x\b\ = 0) 
implies that || Ait?o (j) ||z, 2 (Z? ) — C uniformly for j G N. This combined with (|2.19p gives the 
uniform boundedness of ||woO')IIh^(Do) - Thus, /i(j), /2O) satisfy the condition (C). 

It is well known that the smallest Dirichlet eigenvalue \\{Dq) of —A in Dq tends to +00 as 
the diameter p of Dq goes to zero. Thus, D$ can be chosen such that its diameter p is sufficiently 
small so k 2 < min{Ai(Z?o)) Ai(Do)/sup(n)}. This, together with Corollary 12.21 implies that 
IIK?'IIl 2 (D ) = H^J IIl 2 (A)) * s uniformly bounded for j G N. Thus, 

\\V x $(;Zj) ■ a\\ L 2 {Do) - ||u||| L 2 (A)) < \\uj\\ L 2( Do) < C (2.20) 
uniformly for j G N. On choosing a = v(z*), it is easy to see that 

/ \V x H; Zj )-u(z*)\ 2 dx>^ [ —L—=0(j). 
JDq J Jd \ x - z j\ 

This combined with (I2.20P leads to a contradiction as j — > 00. Thus, D = D. The proof of the 
theorem is then completed. □ 

Remark 2.5. (i) By making use of Remark I A. 31 Theorem 12.41 can be easily extended to the 
two-dimensional case. 

(ii) The method can be easily extended to the case of multi-layered media with or without 
buried obstacles. In particular, for the case with buried obstacles, the method can be used 
in conjunction with the technique in [25] to establish a uniqueness result on the simultaneous 
identification of the interfaces and buried obstacles. 
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3 The inverse electromagnetic scattering problem 

In this section, we apply the technique introduced in Section[2]to obtain similar uniqueness results 
for the inverse electromagnetic scattering by penetrable obstacles. To this end, we introduce the 
interior transmission problems for the time-harmonic Maxwell equations. 

3.1 Interior transmission problems 

For the case \h = (j,q/(j,i = 1, we consider the interior transmission problem (ITPM): 



curl curl Eq - k 2 E = in 0, (3.1) 

curl curl F - k 2 n(x)F = in 0, (3.2) 

Fq x v — Eq x v = h\ on 30, (3.3) 

curlFo x v — curli^o x v = h 2 on dU. (3.4) 



To study the well-posedness of the above problem (ITPM), we introduce the Hilbert spaces 

H(cml,n) := {u G L 2 (0) 3 : curlu G L 2 (n) 3 }, 
flo(curl , Q) := {u G F(curl , Q) : uxi/ = 0} 

with the inner product (u,v) cur i = (u,v)^2 + (curlu, curl v) L 2, and the Hilbert spaces 

W(ft) := {u G H (curl , O) : curl u G ff(curl , 0)}, 
U (ft) := {u G H (curl,Q) : curlu G H (cuil , Q)} 

with the inner product (u,v)^ = (u, v) cur i + (curl u, curl v) cur i . 

We also need the following assumption (H): the data (h\, /12) satisfies that there always exists 
a w G U(£l) such that 

w x v = h\, curlw x v = hi on dil. (3-5) 

Define the set r(dQ) which consists of (hi, /12) satisfying the property (13.5|) and is equipped with 
the norm 

\\(hi,h 2 )\\ T ( d n) ■= inf{||w|| W (Q) : w x v = hi, curlw x u = h 2 on dtt}. 

Definition 3.1. // (Eq,Fq) G L 2 (fi) 3 x L 2 (fi) 3 satisfies the interior transmission problem 
(ITPM) in the distribution sense such that Fq — Eq G U(Q), then (Eq,Fq) is called a weak 
solution of the interior transmission problem (ITPM). 

Let u := Fq — Eq. Then u satisfies 

(curl curl — k 2 n) (curl curl — k 2 )u = in Q, (3-6) 

n — 1 

u x v = hi, curlu x v = h 2 on <9$7. (3-7) 

It is easy to see that the interior transmission problem (ITPM) is equivalent to the variational 
problem: Find u£W with the boundary condition (|3.7p such that 

6(u,v)=0 for all v G Uq(£1), (3.8) 
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where 

b(u, v) = / (curl curl u — k 2 u) ■ (curl curl v — k 2 riv)dx. 

Jnn-1 

Let u := u — w. Then u G Uq(Q) and (|3.8p is equivalent to the problem 

6(u,v) = -6(w,v) forall vG^ (^)- (3.9) 
Based on fj3 - 91) . the following result can be obtained (see |4]). 
Lemma 3.2. (%4\ Lemma 2.9]) If n > 1 + tq or < n < 1 — ri, i/ten 

&(«,«) > C||w||^ (n) 

/or < k 2 < min{Ai(f2), Ai(O)/ sup(n)}, where r$,ri > 0, and Ai(fi) is the smallest Dirichlet 
eigenvalue of — A in Q. 

By Lemma 13.21 we have the following corollary. 

Corollary 3.3. For any fixed k > 0, if the diameter of Q is small enough (so Ai(fi) is large 
enough) so that k 2 < min{Ai(f2), Ai(r2)/sup(n)}, then the interior transmission problem (ITPM) 
has a unique solution (Eo,Fq) G L 2 (S1) 3 x L 2 ($7) 3 with 

II- e 'oIIl2(q)3 + ||i ? ollL2(^)3 < C||(/ii,/t 2 )|| T (an). (3.10) 

Proof. It is clear that — 6(w,v) defines a bounded, linear functional on Uq{VL). By Lemma 13.21 
and the Lax-Milgram theorem, it is easy to see that there exists a unique solution u G Uq{£1) 
such that 

l|u||w (n) < C|l w llw(n)> 

where C > is independent of the choice of w. This, combined with the fact that u = u + w, 
gives 

IH|i/(n) ^ (C+^IMIwfn), 

which implies that 

l|u||w(n) < (C + l)inf ||w|| w(n) = (C + l)\\{h 1 ,h 2 )\\ T{dn) . 

Define F := [l/(n - l)](curlcurl - k 2 )u and E := F - u. Then (E ,F ) G L 2 (ft) 3 x L 2 (ft) 3 
and satisfies the the interior transmission problem (ITPM) with the estimate (I3.10p . □ 

In the case Ah = /^o/^i 1> we consider the modified interior transmission problem 
(MITPM): 

curl curl E + E = £i in O, (3.11) 

curl curl F + F = £ 2 in fi, (3.12) 

(F ) T - (-Eo)t = h 1 xv on 90, (3.13) 

x curlFo — Ahv x curlFo = ^-2 on (3.14) 

where (-)t = v X (•) X i/, ^1,^2 S L 2 (S1) 3 and /ii,/i2 G y(cK7). Here, 

y(dft) = {u G H- 1/2 {dfl) : v ■ u = 0, Div(u) G i7" 1/2 (5fi)} 

denotes the trace space of H (curl 
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Lemma 3.4. (JH Theorem 3.3]) If Xh 7^ 1, then the modified interior transmission problem 
(MITPM) admits a unique solution (Eq,Fq) G if (curl, fi) x i2"(curl,fi) satisfying the estimate 

\\Eo\\H(cuY\,n) + ||-Fb||fr(curi,n) < C(I|Ci||l 2 (q)3 + 11^2 ||z. 2 (rj)3 + ||^i||y(9n) + ||^2||y(an))- 

3.2 Uniqueness of the inverse problem 

We now make use of Corollary 13.31 and Lemma 13.41 to establish the following global uniqueness 
result for the inverse electromagnetic scattering problem. 

Theorem 3.5. Given k > 0, let E°°(x;d;p) and E°°(x;d;p) be the electric far-field patterns with 
respect to the scattering problem (|1.6p — (|1.9p with the penetrable obstacles D with the refractive 

index n 6 C 1 (D) and D with the refractive index n € C 1 (D), respectively. If E°° (x; d; p) = 
E°°(x; d;p) for all x, d € § 2 and all polarizations pGR 3 , then D = D. 

Proof. Assume that D ^ D. Without loss of generality, choose z* € dD \ dD and define 

Zj := z * + (6/j)u(z*), J = 1,2,... 

with a sufficiently small 5 > such that Zj € B, where B denotes a small ball centered at z* 

and satisfies that B n D = 0. See Fig. [TJ 

It is easy to see that the scattering problem (|1.6p - (|1.9p can be reformulated in terms of the 
electric fields E and G as: 

curlcurl£-A; 2 .E = mM. 3 \D, (3.15) 

curl curl G - k 2 n(x)G = in D, (3.16) 

vxE = vxG on dD, (3.17) 

v x curXE = \hv x curlC on dD, (3.18) 

with E = E l + E s in R 3 \ D and the Silver-Miiller radiation condition 

cur\E s (x) x x-ikE s (x) = O fj^jaj > |x| ^ oo. (3.19) 
Case 1: A// = Ho/f-i 7^ 1- We consider the incident magnetic dipole wave in the form 

E i .( x )= curl CP$(^j)) 1,2,3,... 
J ||curl(p*(sc,Zj))llL a (ax>) 

with polarization p € R 3 . Let (Ej,Gj) and (Ej,Gj) be the unique solution of the scattering 
problem (|3.15|) - ()3.19|) with respect to D with refractive index n and D with refractive index 
n, respectively, corresponding to the incident magnetic dipole E l -{x). From the assumption 

E°°(x;d;p) = E°°(x;d;p) for all i,deS 2 and all polarizations p € M 3 , and by using Rellich's 
lemma and the denseness results, it follows that 

E%(x) = Ej(x) in Sq, (3.20) 



where Gq denotes the unbounded component of R 3 \(DUD). 
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Since z* G dD \ D and dD G C 2 , we can choose a small C 2 -smooth domain Dq such that 

(BHD) C D C (D\D). Let £ (j) = and F (j) = Ej in Dq. Then £ (i) and F (j) satisfy 
the modified interior transmission problem (MITPM) with = Dq and 

60') 



hi(j) 
h 2 (j) 



{k z n + l)Gj, 
(fc 2 + l)^, 



v x Ej — v x Gj, 

v x cm\Ej — — v x curlGj. 



From (I3.20P and the transmission conditions on dD, it is easily seen that h\(j) = h^ij) = on 
Ti := (9Z?o H dD. Further, from the well-posedness of the scattering problem (|1.6p - (|1.9p . and in 
view of the positive distance from z* to D, we know that 

llir(curl,D ) - (3-21) 

where C is independent of j G N. Noting that \\Ej \\l 2 (d ) 1S uniformly bounded for all j G N, 
and by (|3.2ip . we deduce that 6(j) is bounded in L 2 (Dq) uniformly for all j G N. Moreover, by 
Theorem IB, II it follows that 

IIGjHz^Do) 3 + \\ G j\\H(cvu\,D \B^) ^ C -> 

uniformly for all j G N, where B z * is chosen such that (B z * DD) C Dq. Thus, is bounded in 

L 2 (Dq) uniformly for j G N, and by (|3.21|) Ej — Gj and Ej — XuGj are bounded in H(cvs\ , Dq \ 
B z *) uniformly for j G N. Then, by the trace theorem and the fact that h\{j) = /12C/) = on 
T\, we have 

\\hi(j)\\Y(dD ) + \\Mj)\\Y(dD ) < C 
uniformly for j G N. Then, by Lemma 13.41 it is derived that 

1 1 Ej \\H (curl, D ) ~~ IIh(cut1, D ) ^ ll.tf(curl ,D ) = ll-^b(j) ||.ff(curl ,D ) ^ 
Choosing p = v{z*) we have 

||curl curl [i/(z*)®(x, 2j)]IU 2 (A>) 



|curl£^|| i2(Z)o) 



||curl [v(z*)${x y Zj))\\ L 2( dDo ) 

> HVdiv [ijz^gtg^jll^gg) _ ||fcXz*)$(x,^)]|| L 2 (Do) . = I + II 
\\cwl[v(z*)$>(x,Zj)]\\ L 2( dDo) \\cwl[l/(z*)$(x,Zj)]\\ L 2( dDo) ' 



Obviously, the second term is uniformly bounded due to the boundedness of &(x, Zj) in 
L 2 (Dq). Without loss of generality, we assume that z* = (0,0,0) and v(z*) = (0,0, 1) (in fact, 
other cases can be easily transformed into this one by a linear transformation). Then we have 



Do F - z i\ 1 JdD \x ■ 



This implies that ||-Ej||.e"(curl,Do) -> 00 as j -> 00. However, this is a contradiction since 
11-^1 II H(curl,D ) * s uniformly bounded for all j G N. Therefore, we have D = D. 
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Case 2: Xh = Ho/ Hi = 1. In this case, we consider the incident magnetic dipole wave 
E)(x) = curl (p*(x, Zj )) j = 1, 2, 3, . . . , 

with p G M 3 . Let (Ej,Gj) and (Ej,Gj) denote the unique solution to the scattering problem 
(|3.L5p - (|3.19p with respect to D with refractive index n and D with refractive index n, respectively, 
corresponding to the incident magnetic dipole E l -(x). Similarly as in Case 1, we have, from the 

assumption E°°(x; d;p) = E°°(x] d;p) for all x, d G S 2 and all polarizations p£l 3 , that 

Ej(x) = E s -(x) in Go~. (3.22) 

Define Eq(j) := Ej and Fo(j) := Gj in L>o- Then (Eo(j), Fo(j)) satisfies the interior trans- 
mission problem (ITPM) with Q = Dq and 

hi(j) ■= v x Gj — v x Ej 

h2(j) '■= v x curlGj — v x curl Ej. 

From ([3.22p we see that h\(j) = h^{j~) = in Y\ := 8Dq n 3D. Choose the cut-off function 
X G C^(M. 3 ) such that 



0, x e M 3 \ B, 

1, x G B 1 . 



Here, i?i C, 5 is a small ball centered at z* . Define W(j) := [1 — \\(Gj — Ej). Then it is easy 
to check that v x W(j)\dD = hi(j) and u x curl W(j)|aDo = h 2 (j). 

Since z* has a positive distance from D, we then have by the well-posedness of the scattering 
problem (TE jl - ljrgj) (or ^J^-^W)) that 

\\E S j\\u{D Q )<C. (3.23) 
On the other hand, by Theorem IB.2I it follows that 

11^*3 ~~ -^j Hi? (curl, D ) + II^IIlp(D) 

<C\\cwl(p$(x,z))\\ LP{D) <C X (3.24) 

for 6/5 < p < 3/2, where C, C\ are independent of j G N. This, combined with f|3.23|) . yields 
that 

\\W(j)\\ H{mrliDo) <C. (3.25) 

It remains to prove that curl curl W(j) is uniformly bounded in L 2 (D) 3 for j G N. By a direct 
calculation, we find that 

curl curl W(j) = Va(x) x curl (Gj — Ej) + a(x)curlcurl (Gj — Ej) 
+curl [Va(i) x (Gj - Ej)] 

with a(x) := 1 — x(:c). From (|3.23p and (|3.24p it is seen that the first term Va x curl (Gj — Ej) G 
L 2 (Dq). From the Maxwell equations, it is found that 

acurlcurl (Gj -Ej) = k 2 a[n(Gj - E)) -E~j + (n- G L 2 (D ) (3.26) 
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since cl\b 1 = and | ] O-E^- 1 ] x, 2 ( J^o) 3 — Further, we have 

curl [Va(x) x (Gj - Ej)) = Vadiv (Gj -Ej)- (Va • V)(G j - EjJ) 

+ [(G i -^)-V]Va-(G J -^)Aa. 

(|3.23p and (|3.24p imply that the third and forth terms on the right-hand side of the above 
equation are uniformly bounded in L 2 (Dq) for j G N. For the first and second terms, since 
Va|_Bj = 0, we only need to show that V(Gj — Ej) and div (Gj — Ej) are uniformly bounded in 
L 2 (D \B~l). First, from (|B7L6|) in Appendix B it is noted that 

Gj — Ej = T-iGj — T\{Gj — Ej) — T\Ej, 

where T U T 2 are defined in Appendix B (just after fQ6]> ). Obviously, T 2 Gj G W 2 ' P (D) ^ 
H l (D) and T\G S j € H l (D) since, by (f3~2i]l . Gj G L P (L>) with 6/5 < p < 3/2 and (G,- - £)) G 
L 2 (D). For x G Do \ -E>1> it is easy to see that \\TiEj\\ H1 ^ D \-^^ < G. Then we have 

ll^i ~~ -^lli?i(D\sr) - 

This, together with the estimate ||-E|||hi(_d ) < G, implies that V(Gj — and div (Gj — 
are uniformly bounded in L 2 (Dq \ Si), and then 

curl [Va(x) x (Gj - Ej)] G L 2 (£>o) 
uniformly for j G N. Therefore, we have that ||curlcurl W^(i)||i2m ) < G, so 

ll(/ii(j),/i 2 (i))|| T ( 9 D () ) < \\W(j)\\u(D ) < G (3.27) 

where G is independent of j G N. 

Similarly as in the acoustic case, Dq can be chosen so that k 2 < min{Ai(Z?o), Ai(.Do)/sup(n)}. 
It then follows from (13,27h and Lemma 13.21 that 

II^IIl^A,) = \\E (j)\\LHD ) < Cl||(/n0')^(j))llrOA.) ^ C 
uniformly for j G N. Therefore, we have 

||curl(p$(-,^-))|| L 2 (Z)o) - \\EI\\ L 2 {Do) < \\Ej\\ L 2 {Do) < C 

uniformly for j G N. This is a contradiction since |jcurl (p&(-, ^'))||l 2 (Do) ~* 00 as 3 ~~ ^ 00 
and ||S|||£ / 2(£) ) is bounded uniformly for j G N. Then we have D = D. The proof is thus 
completed. □ 

Remark 3.6. (i) The method can be applied to improve the uniqueness result in |17j by relaxing 
the smoothness requirement on the boundary dD and the refractive index n (dD G C 2 instead 
of dD G C 2 ' a and n G C l (D) instead of n G C^ a (p), where < a < 1) and by removing the 
assumption that the refractive index n is a constant near the boundary dD and Im(n(xo)) > 
for some xq G D. 

(ii) The method can be easily extended to the case of multi-layered media with or without 
buried obstacles. In particular, for the case with buried obstacles, the method can be used 
in conjunction with the technique in [26] to establish a uniqueness result on the simultaneous 
identification of the interface and the buried obstacle without the assumption that the refractive 
index n is a constant with Im(n) > in D. 
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Appendix. A priori estimates for the transmission problems with 
boundary values in L p 



In this appendix, we establish a priori estimates for the acoustic and electromagnetic transmis- 
sion problems with boundary values in LP (1 < p < 2), employing the integral equation method. 
These a priori estimates play an important part in the uniqueness proofs of the inverse trans- 
mission problems in the previous sections. These a priori estimates are also interesting on their 
own right. 



A The acoustic transmission problem 

We first establish the a priori estimates of solutions of the acoustic transmission problem 

AtBi + k 2 Wl = in R 3 \ D, (A.l) 

Aw 2 + k 2 n(x)w 2 = in D, (A. 2) 

dwi dw 2 „ , , 

wi - jw 2 = fx, -t\ k— = J2 on dD, (A.3) 

ov av 

1 ikwx = o(-) r = \x\ — > oo, (A. 4) 



dr 

where fx, f 2 G L p (dD) with 1 < p < 2 and 7 = 1/A. 

We introduce the single- and double-layer boundary operators 

(S</>)(x) := [ $(x,y)0(y)d S (y), x G dD, 

JdD 

(K<p)(x) := [ ^^^ct,(y)ds(y), x G dD 

JdD ov{y) 

and the their normal derivative operators 

{K'4>){x) := / ^^-<j>{y)ds{y), x G dD, 
JdD 9u(x) 

(T<p)(x) := / ^rTT-mds(y), x G dD. 

ov{x) J dD dv{y) 

It follows from |32| Lemma 9] and [331 Lemma 1] that the operators S, K, K' and T are bounded 
in L q {dD) (1 < q < 00), and moreover, the operators S,K,K' are also compact in L q {dD) 
(1 < q < 00). 

Theorem A.l. For fx,fi G L p (dD) with 4/3 < p < 2 the transmission problem — (|A4j) 

has a unique solution (wx,W2) G L^ oc (IR 3 \ D) x L 2 (D) satisfying that 

II w i II if oc(R 3\^) + \\w 2 \\l2(D) < C(\\fx\\ L P(dD) + II/2||lp(sd))- ( a -5) 

Proof. Step 1. Assume that k 2 n(x) = k\ > is a constant. Then we seek a solution of the 
problem (|A.ip - (IA.4p in the form 

Wl (x) = [ <S>(x,y)<t>(y)ds(y) + f d ^} X 'f ^{y)ds{y), xeR 3 \D (A.6) 
JdD JdD dv(y) 

w 2 {x) = [ <!>x(x,y)c/>(y)ds(y)+ f 9 ^\ y) ^(y)ds(y), x G D, (A.7) 
JdD JdD 9u(y) 
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where $(x,y) = exp(ik\x — y|)/(47r|a; — y\) and $i(x,y) = exp(ifci|x — y\)/(4ir\x — y\). 

Then, by the jump relations of the layer potentials (see [33] for the case in L p and E] for 
the case in spaces of continuous functions), the transmission problem ()A.l[) - (jA.4|) can be reduced 
to the system of integral equations 



+ L 



hfi 
-h 



in L p (dD) x L p (dD), 



(A. 



where h := 2/(1 +7) and the operator L is given by 

L := 



Ti-T K[-K' 

Here, the operators S±, K±, K[ and T\ are defined similarly as S,K,K' and T with the kernel 
Q(x,y) replaced by <3?i(x,y). It is easy to see that (|A.8P is of Fredholm type since the operators 
S, Si,K, Ki,K[ — K' and T\—T are compact in L p {dD). This, together with the uniqueness of 
the scattering problem (jl,ip - ([1.4p . implies that ()A,8P has a unique solution (xp,(f))' T £ L p (dD) x 
L p {dD) satisfying the estimate 



\LP(dD) + 
Therefore, we obtain that 



LP 



(8D) <C(\\h\\ LP (3D) + II/2II 



(A.9) 



an 



sup 



L 2 (£>) 3G^ 2 ,ll9l 



L 2 (D) = 



dD 



^i(x,y)(p(y)ds(y) } g(x)dx 



sup 



9&L 2 ,\\g\ 



z,2(_D) = 



aw 



$i(x,yMx)dx ^ (p(y)ds(y) 



D 



< \dD\i sup sup ||^l(-,y)||L 2 (D)ll9llL 2 (Z3)l 

g£L 2 ,\\g\\ L 2 {D) =ly&dD 

1 

= |aD|<? sup ||^i(-,y)||L2 (Z)) ||(/>|| £ ,p (9D) 



Ilp(9D) 



(A.10) 



and 



dD 



du(y) 



ip(y)ds(y) 



= sup 

LHD) 9&L^\\g\\ L 2 {D) 

d 



d$i(x,y) 



sup 



3GL 2 ,||9| 



< 



9&L 2 ,\\g\ 



sup 



i2( D) = 



aw 
5 



D 



dv{y) 

<&i(x, -)g(x)dx 



d UdD dv(y) 
$i(x,y)g(x)dx } ip(y)ds(y) 



i>{y)ds{y) ) g(x)dx 



< 



sup 

9£L 2 ,\\g\\ L 2 (D) =1 



dv{y) Jd 

C \\g\\L 2 (D) ■ \\^\\lp(8D) 



C 



Li(dD) 

\LP(dD) 



\Lv(8D) 



(A.11) 



with 1/p + 1/g = 1. Here, we have used the fact that the volume potential operator is bounded 
from L 2 (D) into W 2,2 (D) (see [13^ Theorem 9.9]), and the boundary trace operator is bounded 
from W 1,2 (D) into L q (dD) for 2 < q < 4 (see [U Theorem 5.36]). Then the desired estimate 
()A.5P follows from (|A.6P - ()A.7P and ()A.9P - ()A.lip in the case when k 2 n(x) = k\. 
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Step 2. For the general case n G L°°(D), we consider the following problem 

APFi + k 2 W x = in R 3 \ T>, (A. 12) 

AW 2 + k 2 n(x)W 2 = g m D, (A.13) 

W x - 7W2 = 0, -^r 1 - = on dD, (A.14) 
av av 

dWi ( 1 \ 

ifcWi = o - r = |x| — > 00, (A. 15) 



<9r 

where 5 := (kf — k 2 n(x))w2 G L 2 (D) and W2) denotes the solution of the problem (|A,ip - (|A.4p 
with k 2 n(x) = k\. By Step 1, we have 

II^iHl2 oc (R3\D) + II^2||l2(D) < C{\\fl\\Lv(dD) + \\h\\Lv{dD))- (A.16) 

By using the variational method, it can be easily proved that for every g G L 2 (D) the problem 
(|A32|) - (|A~T5|) has a unique solution (Wi, W 2 ) G #/ oc (M 3 X i^C ) satisfying the estimate 

W W A\hI c ^\d) + IMI/jip) < C\\g\\ L 2 {D) . (A.17) 

Define u?i := W\ + w\ and W2 '■= W2 + ^2- Then from (|A,16P and ((A7T7J) it follows that 
(wi,w 2 ) G L 2 oc (R 3 \ D) x L 2 (D) is the unique solution of the problem (|A.1[) - (|A.4|) satisfying the 
estimate (|A.5p . The proof is thus complete. □ 

Corollary A. 2. For z* G dD and for a sufficiently small 5 > define Zj := z* + (5/j)v(z*) G 
R 3 \D, j G N. Lei A 7^ 1 and let (uj,Vj) be the solution of the transmission problem (11.11) — (|1.4j) 
corresponding to the incident point source u*- = $(a;, Zj), j G N. Then 

\\vj\\ L 2 {D )<C (A.18) 

uniformly for j G N. 

Proof. Let := — &(x,yj) and tt>2j := Afj with yj := z* — (5/j)v(z*) G D. Then (^1,1^2) 
satisfies the problem (|A.ip - (IA.4p with 

h = hj ■= Zj ) - yj ), 

d$(z,Zj) d$(z,yj) 



f2 = f. 



dv{z) dv{z) 



Obviously, fu G L p {dD) is uniformly bounded for j G N, where 1 < p < 2. Further, from [9J 
Lemma 4.2] it is seen that f2j G C(dD) is uniformly bounded for j G N, so f 2 j G L p {dD) is 
uniformly bounded for j G N, where 1 < p < 2. The estimate ()A.18P then follows from Theorem 

D □ 

Remark A. 3. In the two-dimensional case, Corollary I A.2I remains true with the estimate (|A.18P 
replaced by the following one: 

\\v j \\m(D)<C (A.19) 

uniformly for j G N. In fact, in this case, the fundamental solution of the Helmholtz equation 
An + k 2 u = is given by 

${x,y):={i/l)H£\k\x-y\), x + y, 
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where Hq is a Hankel function of the first kind of order zero and has the logarithmic singularity. 
This implies that fu and fij defined in the proof of Corollary IA.2I are uniformly bounded in 
L 2 (dD). Then, by (|A~9j) the solution (ip, <j)) T of (|A~8|) satisfies the estimate 



\lH9D) + W\\L*(dD) < C{\\hj\\ L * [dD) + WfvWvidD)) < C (A.20) 
uniformly for j € N. On the other hand, u>2 given by ()A.7p satisfies the boundary value problem 

Aw + k 2 w = in D, 
dw 

— h iw = f on dD, 

where / := dw2/dv\QD + iw2\dD £ L 2 (dD). It is easy to prove that the above boundary value 
problem has a unique solution w € such that 

\H\hhd) < C\\f\\ L 2 {aD) < C[U\\ L 2 (9D) + U\\ LHdD) ) < c 

uniformly for j G N, where we have used the boundedness in L 2 (dD) of the boundary integral 
operators K[,Ti (see [32, Lemma 9] and [33, Lemma 1]). This, together with fjA.20[) and the 
argument in Step 2 of the proof of Corollary IA.21 implies the required estimate (|A.19|) . 

Theorem A. 4. Let A = 1 and let (u, v) be the solution of the transmission problem (jl.ip — (jl.4p 

corresponding to the supper singular point source u 1 = V x Q(x, z) -a, where z € M 3 \D and a£R 3 
is a fixed vector. Then v € L P {D) and v — u % 6 H 1 (D) such that 

\\ v \\lp(D) + \\ v ~ u'Wh^d) < C\\V X $(; z) ■ a|| LP(D) (A.21) 
for every p with 6/5 < p < 2. 

Proof. Since u % satisfies the Helmholtz equation An* + k 2 u l = in D, it follows from the Green's 
theorem that the transmission problem (jl.ip - (jl.4p is equivalent to the Lippmann-Schwinger equa- 
tion 



v{x) = u 1 (x) — k 2 j <£(x, y)[l — n(y)]v(y)dy, x € D. 
Jd 

Define the operator T : D>{D) LP{D) by 

(T<p)(x) := / $(x,y)[l - n(y)]<p(y)dy, x e D. 
Jd 

Then we have 

(J + T)v = u l in L P {D) for 1 < p < 2. (A.22) 

It follows from |13^ Theorem 9.9] that T is bounded from L P (D) into W 2,P {D) and therefore is 
compact in L P (D). Thus, and by the uniqueness of the transmission problem (|l.ip - (|1.4p . the 
operator / + T is of Fredholm type with index zero. The Fredholm alternative then implies the 
existence of a unique solution v in L P {D) to (|A.22p with the estimate 

\\v\\lp(d) < C\\u l \\ LP{D) for 1< p < 2. (A.23) 

From this and the embedding result that W 2,P (D) ^4 H l (D) for 6/5 < p < 2, the required 
estimate (IA.2ip follows. □ 
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B The electromagnetic transmission problem 

We now establish a priori estimates for the electromagnetic transmission problem (11.6p - (jl.9|) with 
LP(D) data (1 < p < 2), which is used in the proof of Theorem 13,51 

Introduce the magnetic dipole operator M and the electric dipole operator N by 



x G dD. 



(Ma)(x) = / v{x) x cxiT\ x {a(y)<&(x, y)}ds(y), x G dD, 

JdD 

(Na)(x) = u(x) x curl curl / u(y) x b(y)$(x,y)ds(y), 

JdD 



Similarly, we also introduce the operators M\ and N x which are defined as M and N with the 
kernel &(x,y) replaced by & x (x,y). 

Theorem B.l. Assume that Xh = Mo/a*1 7^ 1- For z* G dD let B z * be a small ball centered at 
z* . Let z G B z * n (M 3 \ D) and let (E, G) be the solution of the transmission problem (jl,6p — (jl.9p 
corresponding to the incident magnetic dipole E l (x) = curl (p<&(x, ;s))/||curl (p$(x, -s))||z, 2 (Si3) • 
T/ien G G L 2 (L>) 3 n F(curl , D \ ~B^) with 

\\G\\l?(D)* + \\ G \\h (curl, d\b^) ^ 
where C > is a constant and independent of z. 

Proof. To prove (lB~Tj) . define G x (x) := G(x) - {ii x / no)E\{x) for x G D with £j(x) : = 
curl z))/||curl (p<f>x(x, z))II-L 2 (9.d) with /c 2 ^ k 2 . Then£^ s | R3 ^ and G\\r> satisfy the trans- 
mission problem (TP1): 

curl curl E s - k 2 E s = in R 3 \S, (B.2) 

curl curl Gi — k 2 n{x)G\ = g in D, (B.3) 

v x E s - v x Gi = fi on dD, (B.4) 

i/ x curl E s - —v x curl G x = f 2 on dD, (B.5) 

with the radiation condition (|1.6|) . where f\ : = (^i/^q)^ x E\\qjj — v x E 1 *)^, / 2 := v x 
curlE 1 ];!^ — ^ x curlE^^D and g = (/Ui/ fio)(k 2 n — kf)E\. 

Step 1. We first consider the case k 2 n(x) = k\. In this case, g = 0, and we seek the solution 
of the problem (TP1) in the form 

E s (x) = /i curl / a(y)<&{x,y)ds(y) + curl curl / b(y)§(x,y)ds(y), x G M 3 \ £>, 

= ^icurl / a(y)$i(x, y)ds(y) + curl curl / b(y)&i(x,y)ds(y), x £ D 
JdD JdD 

with tangential fields a and b. Then the problem (TP1) is equivalent to the following system of 
integral equations: 

-(/i + + (W)M - l i 1 M 1 )a + (N - N x )Pb = h, (B.6) 
h 2 (fi + Mi)& + MoMi(^ - #i)-Pa + ^(w^ - = / 2 , (B.7) 
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with Pc := uxc. It is easy to see that /i G T 2 (dD) and f 2 G T 2 (dD). Further, from the identity 
div dD (u x curl^) = -v ■ curl 2 £* it follows that f 2 G Tj(dD). Here, 

T 2 (dD) := {u (£ L 2 (dD) 2 : vu = 0}, 

Tj{dD) := {u G L 2 {dD) 2 : z/ • u = 0, div aD u G L 2 {dD)}. 

Since <9L> G C 2 , it follows from [21J or [32j that the operators M,M\ and (AT - Aq)P are 
compact in T 2 (dD) and T$(dD). Thus, the system (IB.6jl - (|B.7|) is of Fredholm type in the space 
T 2 (dD)xT^(dD). This, together with the uniqueness of the transmission problem (TP1), implies 
that the system (IB.6P - (|B.7j) has a unique solution (a, b) G T 2 (dD) x T 2 (dD) with the estimate 

IHIt2(,9d) + \\b\\Tj(dD) < C(ll/illr 2 (aD) + ll/2||r d 2 (aD))- ( B - 8 ) 

We now split G\ into two parts Gr[ and given by 

G^\x) = curl / a(y)$i(x,y)ds(y), x G D, 

JdD 

Gf'\x) = curlcurl / b(y)$i(x,y)ds(y), x G D. 

JdD 

Then G\ = /iiG^ + G± . Moreover, by the properties of Mi and Aq, we have 

curl curl G? - k 2 G { ^ = in D, vx g{ 1] G T 2 (dD), 
curl curl GS 2) - kjG^ = in D, ux cf } G Tj(&D). 

It is easy to see that G^ G L 2 (D), G^ G #(curl,D) and 

I|G'i 1) ||l2( jD ) + \\G^\\ H ^ cur i iD ) < C(||a|| T 2( 9D ) + ||6|| T 2 (aD) ). (B.9) 

Note that G Tj{dD\~B^). This, together with (lK6j) and the fact that M, M x and (A" - Aq)P 
are bounded from T 2 (&D) and T 2 (&D) into T 2 (dD), gives that a G T 2 {dD\B~^) n T 2 (dD). 
Choose a ball iq centered at z* with iq C _B 2 » and a cut-off function x G C^°(M 3 ) supported in 
i?i with x = 1 in a small neighborhood of z* . Then G^ can be written in the form 

G^ (x) = curl / ^ 1 (x,y)[l-x(y)]a{y)ds + curl ^ 1 (x,y)x{y)a{y)ds. 
JdD JdD 

Obviously, the first term belongs to -ff(curl , D) since (1 — x(y)) a (y) € T%(dD), and the second 
term belongs to (curl ,D\B\) since B\ C i^. . Combining (|B.9P and (|B.8P gives the required 
estimate (IB.lj) in the case k 2 n(x) = kf. 

Step 2. For the general case n G L oc (D), we consider the transmission problem (TP2): 



curl curl W - k 2 W = in M 3 \ D, (B.10) 

curl curl Wq - k 2 n(x)Wi = gi in D, (B.ll) 

i/ x W - i/ x Wq = on dD, (B.12) 

x curl W - —v x curl W\ = on dD (B.13) 
Ml 
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with W satisfying the radiation condition (jl,9p . where g% = g + (k 2 n — k 2 )G\ £ L 2 (D) 3 and 
Gi) is a solution of the transmission problem (IT1) with k 2 n{x) = k\. By Step 1 we have 

II Gi ||ia (0)3 + IIGiH^^^^) < C, (B.14) 

where C > is a constant and independent of z. By the variational method, it is easy to show 
that the problem (TP2) admits a unique solution (W, W*i) £ -£^ oc (curl , D) x H(cui\,D) with 

[|Wl||.ff(curl ) £>) < C\\gx\\ L 2(D)3 < C(l|3l|i2(i))3 + \\Gl\\ L 2 {D) 3). (B.15) 

Define E 8 ^^ := E s + W and Gi|i> := Gi + W\. Then it is easy to check that (E s , G\) is the 
unique solution of the problem (TP2). The required estimate (|B,ip thus follows from ()B,14p and 
(|B.15p . This completes the proof of the theorem. □ 

Theorem B.2. Assume that n S C l {D) and A# = /^o/Vi = 1- For z* G dD let B z * be a small 
ball centered at z* . Let z € B z * n (M 3 \ D) and Let (E,G) be the solution of the transmission 
problem (jl.6p — (|l,9p corresponding to the incident magnetic dipole E l (x) = curl (p<I>(x, z)). Then 
G € -L p (£>), G s := G - E i £ F(curl , D) and 

l|G||iP(D) + l|G s ||^( cur i,D) < C||curl(p$(x,z))||i P{jD ) 
for every 6/5 < p < 3/2, where C > is independent of z. 

Proof. Since curl (p<3?(x, z)) satisfies the Maxwell equation curl curl E l — k 2 E l = in D, it follows 
from Green's theorem that the transmission problem (ll.6p - (ll.9p is equivalent to the integral 
equation 



G{x) = E^x)-^ ^{ X) y)m{y)G{y)dy 
Jd 

+grad / — -gradra(y) • G(y)$(x,y)dy, x G D, (B.16) 

where m(y) := 1 — n(y). On the space L P (D), define the operators T\ and T<i by 

(Ti<p)(x) := k 2 <S>(x,y)m(y)tp(y)dy, x € D, 
Jd 

(T 2 ip)(x) := grad / — r^gradn^) • (p(y)$(x,y)dy, x £ D. 

Jd n {y) 

Then the integral equation (|B.16P can be rewritten in the form 

(I + Ti — T 2 )G = E i in D. 

It follows from |13[ Theorem 9.9] that T\ is bounded from LP(D) into W 2,P (D) and T 2 is bounded 
from L P (D) into W 1,P (D). Therefore, T\ and T 2 are compact operators in L P (D). This, together 
with the uniqueness of the transmission problem (11.6p -( fl~9j) . implies that the operator I + T\ — T 2 
is of Fredholm type with index zero. The Fredholm alternative gives that the integral equation 
(|B.16P has a unique solution G £ L P (D) with 

||G r ||ip(D) < C\\E l \\ LP ( D y (B.17) 



22 



From ()B,16P it is easily seen that 

G s = (T 2 - T^G e W X *(D) L 2 (D) 
since 6/5 < p < 3/2. Further, by the identity curlgrad = 0, we have 

curlG 5 = -curl(TiG) G W 1,P (I>) L 2 (D). 

Thus we deduce that 

\\G S \\h (curl, D) < C||G'||lp(Z)) < CH^Hipp). (B.18) 

The proof is then completed by combining (|B.17p and (|B,18p . □ 
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